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S ' Abstract 

Vh . We refine the presentation of the previous paper of our group, Y.Ezawa 

et al.. Class, and Quantum Grav. 23 (2006), 3205. In that paper, we 
proposed a canonical formalism of f(R)-type generalized gravity by using 
the Lie derivatives instead of the time derivatives. However, the use of the 
Lie derivatives was not sufficient. In this note, we make use of the Lie 

CJ ' derivatives as far as possible, so that no time derivatives are used. 

u 

Introduction 

Since the use of the f(R)-type gravity by Caroll et al.[l] to explain the discovered accelerated 
expansion of the universe [2], the theory has been attracting much attention and various 

Q^ ■ aspects and applications have been investigated [3]. However, its canonical formalism had 

not been so systematic and useful. So in [4], our group proposed a formalism by generalizing 
the canonical formalism of Ostrogradski[5]. The generalization is necessary. Since the scalar 

^ ! curvature R depends on the time derivatives of the lapse function and shift vector, these 

cn I variables have to obey the field equations, if the Ostrogradski's method is directly applied. 

Then, only the solutions of these equations are allowed for these variables. This, however, 
is in confiict with general covariance since these variables specify the coordinate frame so 

/S . should be taken arbitrarily. 

c^ ! In this note, we refine the presentation of our previous paper [4]. In that paper, we proposed 

a canonical formalism of the f(R)-type gravity in terms of the Lie derivatives by naturally 
and economically generalizing the formalism of Ostrogradski. However the use of the Lie 
derivatives was not sufficient, i.e.. Lie derivatives and time derivatives were used in a mixed 
way. Here, we make use of the Lie derivatives as far as possible. 

Action 

We start from the following action of the generalized gravity of f(R)-type; 

S = Sg + Sm = J d^x^^gf{R) + Sm, (1) 

where Sm is the action of matters. In other words, the Lagrangian density for gravity Cq is 
expressed as 

CG = V^f{R). (2) 

As the variables for gravity, we adopt the ADM variables[6]. Then the scalar curvature, R, 



is expressed as follows: 



R = h''C%, + ^ (h^'CnKjf - h'^^hjiCnh^jCr^hi + ^R- 2N-'AN, 



(3) 



where hij is the metric of the hypersurface Sj which has the normal vector field n'^ = 
N~'^{l,—N'^), N is the lapse function and A^* is the shift vector. £„ represents the Lie 
derivative along the normal vector field n. ^i? is the scalar curvature of St. From (2) and 
(3), Cg depends on the ADM variables in the following way. 



Variation 

From the expression (4), variation of Co is expressed as 

6Cg = -l^TT^N + -;r; 6hij + ^, ^ , -SCnhn + 



(4) 
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(5) 



"u; 



Here of the first two terms on the right-hand are not the partial derivatives but the functional 
derivatives since the scalar curvature R depends on the derivatives of A^ and h^j in AA^ and 
^R as seen in (3). Actual calculation is made easier when concrete form (3) is used. Then 
we have 

5Cg = 6VhNf{R) + Vh6Nf{R) + VhNf'{R)SR, (6) 



where 

6Vh 
6R 



-\/h0Shij, 

h'^Cldhij + {WK - 3K'^)CJhij + 

+S^R + 2N~^ANSN - 2N~'^A6N. 



-h'^y\Cn + K){Cnkui) + QK''K\ 
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Note that SCnhij 



i^^lOtlij , O^yi '^ij 



C^Shij and also 
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' VhNf'{R)6^R = -VhNf'{R)R'^Shi 
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(8) 



Vh{h^^ (NfiR))''' Shk, - {Nf'{R)r h^^Shki} 



^ Vhf'{R)ASN = VhAf'{R)SN + dk [Vh{f'{R)V''5N - V'fiR) SN) 

When we use (7) in (6) and apply the variational principle, gpartial integrationsh have to 
be done 
field $: 



be done for terms including CnShij and C^Shij. This is done by using a relation for a scalar 



Cn{VhN(!>) = Cn{VhN) $ + VhNCn<^, £„$ = n^^a^^. 



(9) 



Then we have 

\rhNf\R){h'^K - 3K'^)Cn6hij = -v^iV(£„ + K) [f'{R){h'^K - 3K'^)] 6hij 

+d^ [n>'VhNf'{R){h'^K - 3K'^)6hij\ , 
and 

+d^ [n^^N{f\R)W5Cnhi, - (£„ + K){,f\R)h'^)5hi,} 

Using these relations, we have for 5Cg the following expression: 

6Cg = \fh [Af{R) + 2N-^ANf{R)] 6N + d, \Vh {f{R)V'6N - V'f'{K)6N) 



(10) 
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/'"(/?) (£„i?)2/i^^- + f"{R) {C^RW - CnK^^ 



f\R)[KK'^ - h'^CnK - h^'y^CnKki + QK'^K- 
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(12) 
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+d^ [n^'VhN{f'{R)0SCnhij - {f"{R)CnRh'^ + f'{R)K'^) Shi,} 

New generalized coordinates and momenta canonically conjugate to them 
New generalized coordinates, denoted as Qjj, are taken to be 



(13) 



Momenta canonically conjugate to the original and new generalized coordinates, jo*-^ and P*-' 
respectively, are defined to be the coefficient of their variations in the time derivative in (12): 



M 



r = -^/h\CJ\R)W + f\R)Q'^] , 
P'^ = 2^f{R)W, 



(14) 



where, of course, Cnf'{R) is also expressed as f"{R)CnR- Expressions of these equations 
that correspond to (5) read as follows ^: 



pi3 = ^0. 
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Or reversingly, we have 
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^If we use a scalar function Cg defined as Cg = NvRCg, factors nP disappear and we have 
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Hamiltonian density 

Correspondence of each point on different S^ are given by a l-parameter transformation 
along the timehke vector field t^, we have, e.g., 

/ijj(x, t + 5t) = hij{-x, t) + CfhijSt. (16) 

Actually, we have dohij = Cfhy in the coordinate frame we are using. Thus Hamiltonian 
density Tic is defined to be 

Hg = p'^Cth,, + P''CtQ^, - Cg. (17) 

Invariance of the Hamiltonian 

We consider the following transformations of the generalized coordinates hij-. 

hij -^ (pij = Fijihki) or inversely hij = Gij{(j)ki), (18) 

and show that the Hamiltonian is invariant under this transformation. New generalized 
coordinates <l>jj are defined as in (13), i.e., 

1 

Hamiltonian density I-Lg expressed in the transformed variables is defined to be 

Hg = ^^''Ct(j)^, + Yi''Ct^^, - Cg{N, 0,„ £„0,„ C^<p,j), (20) 

where tt*-' and H*-' are momenta canonically conjugate to (pij and $jj, respectively, and since 

Cnhij = -— — Cn<pkl, ^n^ij = '^"(tTT — ) ^n<Pkl + TTT — ^n'Pkl, (21) 

d(j)kl ^ OCpkl ^ 0(t)kl 

Cg is defined as 

Cg{N, (pij, Cn(pij, jC^hij) =Cg\N, Gij{(l)kl), -—^Cn(t>kh ^n(^Z^)jCn<Pkl + ^-^^^ 

V (^Vkl ^ 0<Pkl ' 0<Pkl 

TT*-' and W^ satisfy relations similar to (15a,b), and from these relations, we have 

^^,^^kl^Gu^ n^. = pH^^ (23a) 

0(t)ij dcpij 

p^j = ^ki^^ P^j = U'i^, (23b) 



'kl ■ 
(22) 



or inversely 

With help of (23a,b), we have 

p'^CA, = TT^^^^Ct<Pmn = T^'' C^^- (24) 

Similar relation holds between P^^ and H*-', so we have 

-Hg = -Hg- (25) 



It is noted that the transformation (18) includes the coordinate transformation on Sj. 

Summary 

We presented a canonical formahsm of /(i?)-type gravity in terms of the Lie derivatives by 
refining our previous paper [4]. The formahsm is a natural and economical generalization 
of the Ostrogradski's formalism. Generalization is necessary to assure the invariance of the 
theory under the general coordinate transformation. 
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